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1. INTRODUCTION
Let G be a ﬁnite group and let χ ∈ IrrG be an irreducible complex
character of G. By the transitivity of the induction of characters, we know
that χ is induced from some primitive character of some subgroup U of G.
Our aim in this paper is to provide a new relationship between the Sylow
subgroups of U and the group G.
Theorem A. Let G be a ﬁnite group and let χ ∈ IrrG. Suppose that
γ ∈ IrrU is a primitive character inducing χ and let Q ∈ SylpU. If G is
p-solvable, then OpCGQ = ZQ.
Theorem A is not in general true if we drop the hypothesis of γ being
primitive. However, we can considerably weaken this condition, as shown
in Theorem 3.4 below. In fact, we only need γ to be the product of a
character of p′-degree together with a “p-special” character. In particular,
Theorem A holds whenever γ has degree not divisible by p (and this is the
p-solvable case of a not so well-known consequence of some deep results
of R. Kno¨rr [7]). The following consequence of Theorem A seems, perhaps,
surprising.
Corollary B. Let G be p-solvable and suppose that γG = χ ∈ IrrG,
where γ ∈ IrrU is primitive. Let Q ∈ SylpU and let N = Op′ G. If χN
is homogeneous, then
CG/NQ = ZQN/N	
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2. THE p = 2 CASE
Our proof of Theorem A is divided into two very different cases, accord-
ing to whether the prime p is even or odd. Let us write Irrp′ G for the irre-
ducible characters of G of degree not divisible by p. We remind the reader
that in a p-solvable group G, we have that Irrp′ G = Irrp′ NGP,
where P ∈ SylpG (see [10]).
2.1. Lemma. Suppose that S is a p-group acting on a p-solvable group G,
and normalizing some Q∈ SylpG. If S ﬁxes all p′-degree irreducible
characters of NGQ, then S ﬁxes all the p′-degree irreducible characters of G.
Proof. We may assume that S = s. Let  = GS be the semidirect
product, and let P = QS be a Sylow p-subgroup of . We have that  is
p-solvable. We have that NP = NGPS. Since P 	NP, it follows that
Q = P ∩G 	NGP. Therefore, NGP ⊆ NGQ. Hence NP ⊆ NGQS.
We claim that Irrp′  = SIrrp′ SG, where Irrp′ SG are the irre-
ducible characters of G of degree not divisible by p, which are ﬁxed by S.
If δ ∈ Irrp′ , then δG ∈ Irrp′ SG because   G is a power of p. On
the other hand, every µ ∈ Irrp′ SG extends to  because /G is cyclic.
Furthermore, µ has S different extensions (by Corollary (6.17) of [6]) and
the claim easily follows. By the same reason,
Irrp′ NGQS = SIrrp′ SNGQ	
Now, we have that
Irrp′  = Irrp′ NP = Irrp′ NGQS
since NP ⊆ NGPS. Also, Irrp′ G = Irrp′ NGQ. Now, by applying
our hypothesis, we conclude that
Irrp′ NGQS = SIrrp′ SNGQ = SIrrp′ NGQ = SIrrp′ G	
Therefore,
Irrp′ G = Irrp′ SG
and we are done.
2.2. Lemma. Suppose that G is p-solvable, where p = 2. Let U ⊆ G,
Q ∈ SylpU, and let α ∈ IrrU be of p′-degree. Let s ∈ OpCGQ with
osZQ = 2. Then
αU∩Us  αsU∩Us  = 0	
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Proof. Let R = OpCGQ and let S = QR = OpQCGQ. Notice
that NGQ ⊆ NGS since Q uniquely determines S. In particular,
NUQ ⊆ NUS. Since S ∩U = Q, we have that NUQ = NUS = H. In
particular, S 	 SH and H ∩ S = Q 	 SH. Therefore,
H ∩Hs/Q = CH/QQs
and H ∩Hs s ⊆ Q. (Here, we are using the fact that if a group K = NM ,
where N 	 K and N ∩M = 1, then M ∩Mn = CKn for n ∈ N .) Now,
notice that Q ⊆ U ∩Us. Also, since s2 ∈ Q, we have that
U ∩Uss = Us ∩Us2 = Us ∩U
and therefore the group U ∩Us is s-invariant. We claim that s ﬁxes all
Irrp′ NU∩UsQ. Let δ ∈ Irrp′ NU∩UsQ and let λ ∈ IrrQ be under δ.
Since Q s = 1, it follows that s ﬁxes λ. Let T be the stabilizer of λ in
NU∩UsQ. Since Q is a Sylow p-subgroup of NU∩UsQ, it follows that there
is a canonical extension λˆ of λ to T (by [6, Corollary 8.16]). By uniqueness,
we have that λˆ is s-invariant. By [6, Corollary 6.17] we can write δ =
βλˆN for some irreducible character β ∈ IrrT/Q. Since T s ⊆ Q, it
follows that s ﬁxes β. Therefore, s ﬁxes δ, as claimed. Now, by Lemma
(2.1) it follows that s ﬁxes all p′-degree irreducible characters of U ∩ Us.
Now, since α has p′-degree, we have that αU∩Us contains some irreducible
constituent γ of p′-degree. Hence γs = γ and γ also lies under αs.
The following is essentially a consequence of Mackey’s decomposition
theorem.
2.3. Lemma. Suppose that α ∈ IrrU, where U ⊆ G. Then αG ∈ IrrG
iff for every x ∈ G−U , we have that
αU∩Ux αxU∩Ux = 0	
Proof. See [4, Lemma 2.1].
Now, we remind the reader of a few facts on π-special characters. In
a π-separable group G, an irreducible character χ ∈ IrrG is π-special if
its degree is a π-number and its subnormal irreducible constituents have
determinantal order a π-number [1]. A key result is that every primitive
character of a π-separable group is the product of a π-special times a
π ′-special (see [3, Theorem 2.6]). The following proves Theorem A when
p = 2.
2.4. Theorem. Let G be a ﬁnite solvable group and let χ ∈ IrrG. Set
p = 2. Suppose that γ ∈ IrrU is a character of U inducing χ, and assume
that γ = αβ, where α ∈ IrrU has p′-degree and β ∈ IrrU is p-special. If
Q ∈ SylpU, then OpCGQ = ZQ.
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Proof. Write S=OpCGQ. If ZQ<S, let s ∈ S such that osZQ =
2. By Lemma 2.2, it follows that αU∩Us  αsU∩Us  = 0. Now, we have that s
centralizes Q. Therefore, βQ = βsQ. Now, βU∩Us and βsU∩Us are p-special
extensions of βQ (by [1, Proposition 6.1]). Hence, by the uniqueness in that
result, we conclude that
βU∩Us = βsU∩Us 	
Hence, it easily follows that
αβU∩Us  αβsU∩Us  = αU∩UsβU∩Us  αsU∩UsβsU∩Us  = 0	
By Lemma 2.3, we deduce that s ∈ U . Since Qs is a p-subgroup of U , we
deduce that s ∈ Q. Hence, s ∈ ZQ, a contradiction.
3. THE p ODD CASE
We will use the hypothesis of p being odd in two different places. The
ﬁrst one is character theoretical and it is the main theorem on the charac-
ter theory associated to a fully ramiﬁed section. Recall that a K-invariant
character θ of L 	 K is fully ramiﬁed with respect to K, if ϕK = eθ for
some unique θ ∈ IrrK. In this case, it is straightforward to check that
e2 = K  L.
To make it easier to understand the statement of the next theorem, we
remind the reader of a few facts on abelian fully ramiﬁed sections. If K/L
is abelian and ϕ ∈ IrrL is fully ramiﬁed with respect to K, then E. C.
Dade and M. Isaacs deﬁned a bilinear multiplicative symplectic function
 ϕ K × K → C∗ associated to ϕ. In the important case where ϕ is
linear, then
x yϕ = ϕx y
(see [2, Sect. 2]). Suppose now that K, L 	 G, where K/L is abelian,
and suppose that ϕ ∈ IrrL is G-invariant such that ϕK = eθ for some
θ ∈ IrrK. (We describe this situation by saying that GKL θϕ is a
character ﬁve.) It is said that g ∈ G is good iff g cϕ = 1 for every c ∈ C,
where C/L = CK/Lg. (See [2, Deﬁnition 3.1].) For instance, if ϕ is linear
and faithful, then g ∈ G is good iff CK/Lg = CKg/L.
Recall that GN θ is said to be a character triple if N 	 G and θ is
G-invariant. (See [2, Sect. 8] or [6, Chap. 11] for its main properties.)
3.1. Theorem. Suppose that GKL θϕ is a character ﬁve with K/L
an abelian p-group, where p is odd. Then there is a character ψ of G with
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K ⊆ kerψ and a subgroup U ⊆ G such that:
(a) UK = G and U ∩K = L;
(b) ψg = 0 for every g ∈ G, ψ12 = K  L, and the determinantal
order of ψ is a power of p;
(c) if K ⊆ W ⊆ G and χ ∈ IrrW  lies over θ, then χW ∩U = ψW ∩Uξ
for a unique irreducible character ξ of W ∩U and
(d) every element of u ∈ U is good.
Proof. This is mainly [2, Theorem 9.1] with a few modiﬁcations. The
most signiﬁcant is that we require the existence of a “good complement” for
K/L not only in G but in every subgroup of G containing K. We sketch the
proof of this theorem by following the proof of [2, Theorem 9.1]. Arguing as
in there, and after replacing GLϕ by a character triple isomorphic, we
may assume that L = ZK ⊆ ZG, that λ is linear and faithful, and that
each coset of L contains an element x with x ∩ L = 1. In other words,
K is a ∗-group [2, Deﬁnition 4.1]. Since K  L is odd, by [2, Corollary 4.4]
there exists U ⊆ G satisfying UK = G, U ∩K = L, CGK ⊆ U such that
there is an automorphism σ of G with σ2 = 1, inverting K/L and such that
U = CGσ. Since σ inverts K/L in fact we have that U/L = CG/Lσ.
Also, L ⊆ U , so σ ﬁxes ϕ. By [2, Lemma 3.7], we have that all elements
of U are good. Now, we are ready to apply [2, Theorem 7.1]. Let ψ be
the character of G/K deﬁned in [2, Theorem 7.1]. (We know that this is a
character by [2, Theorem 6.3.i].) Also, it has nonzero values by [2, Corollary
6.4]. Its degree is also given in Corollary (6.4) of [2]. Finally, its condition
on the determinantal order follows from [2, Theorem 4.7, Theorem 6.3.ii,
and Deﬁnition 5.2]. Now, suppose that K ⊆ W ⊆ G. Since σ ﬁxes G/K, we
have that σ is an automorphism of W . Also, W ∩U/L = CW/Lσ. Also, the
character ψ as deﬁned for WKL θϕ is just ψW (see how the character
ψ is deﬁned in [2, p. 619]). Now, by applying Theorem 7.1, the proof of
part (c) follows.
The second place where oddness is used is in the following well-known
group theoretical result due to J. Thompson.
3.2. Theorem. Suppose that A acts on a p-group O, with p odd. Let
M = Op′ A and let Q ∈ SylpA. Assume that COQ ⊆ COM. Then M
acts trivially on O.
Proof. This easily follows from [8, Theorem 8.5.3].
We will use the following fact several times in the proof of our main
result.
3.3. Lemma. Suppose that G is p-solvable with Op′ G ⊆ ZG. Let Q be
a p-subgroup of G. Then OpCGQ = ZQ iff CGQ = ZQ ×Op′ G.
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Proof. Write N = Op′ G and C = CGQ. If C = ZQ × N , then
ZQ ∈ SylpC and the result is clear. Suppose now that OpC = ZQ.
By a standard group theoretical fact (see [8, Sect. 8.2.12]), we know that
Op′ NGQ ⊆ N . Therefore Op′ C ⊆ N , and in fact N = Op′ C ⊆ ZC.
Therefore, OpC/N = ZQN/N . Now, C/N = CC/NZQN/N and by
the Lemma 1.2.3, we deduce that C = ZQ ×N , as desired.
The following is our main result.
3.4. Theorem. Suppose that G is p-solvable, and suppose that γG is irre-
ducible, where γ ∈ IrrU. Let Q ∈ SylpU. Assume that γ = αβ, where α
has p′-degree and β is p-special. Then OpCGQ = ZQ.
Proof. We argue by induction ﬁrst on G Op′ G, and second on
G  U . By Theorem 2.4, we may assume that p is odd.
Write S = OpCGQ. Notice that it sufﬁces to show that S ⊆ U . If this
is the case, QS is a p-subgroup of U containing a Sylow p-subgroup Q of U .
So QS = Q, S ⊆ Q, and S = ZQ, as required.
Now, let N = Op′ G. Since β is p-special, it follows that N ∩ U ⊆
kerβ (by [1, Corollary 4.2]). Hence, β extends to some character β˜ of
UN with N ⊆ kerβ˜. Since UN/N and U/U ∩N are isomorphic, we have
that β˜ is a p-special character of UN . Now,
αβUN = αβ˜UUN = αUNβ˜	
Since αUN also has p′-degree, β˜ is p-special, and Q ∈ SylpUN, by induc-
tion on G  U , we may assume that N ⊆ U .
Now, since α has p′-degree and Q ∈ SylpU, there is a Q-invariant
θ ∈ IrrN under α. Let T = IGθ be the stabilizer of θ in G. Hence
U ∩ T is the stabilizer of θ in U , and let δ ∈ IrrT ∩ U be the Clifford
correspondent of α over θ. Since U  U ∩ T  is a p′-number and β is p-
special, we have that βT∩U is irreducible and p-special (by [1, Proposition
6.1]). Since N ⊆ kerβ, in fact, notice that θ lies under γ. Also,
δβU∩T U = δUβ = αβ
and therefore
δβU∩T G = χ	
Hence δβU∩T T is irreducible. Now, since Q uniquely determines
OpQCGQ = SQ, we have that NGQ ⊆ NGSQ. In particular,
NNQ ⊆ NNSQ. Therefore CNQ ⊆ CNSQ. Of course, CNSQ ⊆
CNQ, and therefore CNSQ = CNQ. Since θ is Q-invariant, by [9,
Lemma 2.2], we have that θ is S-invariant. Hence S ⊆ T . Therefore,
S 	 CT Q, and it follows that S ⊆ OpCT Q. Now, if T < G, then
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T  Op′ T  < G  Op′ G, and by the inductive hypothesis, we will have
that OpCT Q = ZQ, and hence S = ZQ, as desired. So we may
assume that T = G.
By elementary group theory, recall that CG/NQN/N = CGQN/N
(because the orders of Q and N are coprime).
Now, let G∗N∗ θ∗ be a character triple isomorphic to GN θ, with
N∗ = Op′ G∗ contained in ZG∗ and with θ∗ faithful (see [5]). By the
elementary properties of the character triple isomorphisms, note that we
have a character γ∗ ∈ IrrU∗, which decomposes as an irreducible charac-
ter α∗ ∈ IrrU∗ of p′-degree times a p-special character β∗ ∈ IrrU∗
(this is because N ⊆ kerβ, and such that γ∗ induces an irreducible
character χ∗ of G∗. Let Q∗ be the unique Sylow p-subgroup of QN∗ =
Q∗ × N∗. Therefore, Q∗ ∈ SylpU∗. Suppose that the theorem is true in
G∗. We claim that in this case, the theorem is true for G. So, let us assume
that OpCG∗Q∗ = ZQ∗ and let us prove that OpCGQ = ZQ. By
Lemma 3.3, we have that CG∗Q∗ = N∗ × ZQ∗. Therefore,
CG∗/N∗Q∗N∗/N∗ = CG∗Q∗N∗/N∗ = ZQ∗N∗/N∗	
Hence, we have that
CG∗/N∗Q∗N∗/N∗ = ZQ∗	
Since CG∗/N∗Q∗N∗/N∗ ∼= CG/NQN/N and ZQ∗ ∼= ZQ∗N∗/N∗ ∼=
ZQN/N ∼= ZQ, we deduce that
CG/NQN/N = ZQ	
Then CGQN = ZQN , and we deduce that CGQ ⊆ U . This proves
the theorem. Therefore, by working in G∗, it is no loss to assume that
N ⊆ ZG and that θ is linear and faithful. (We stress that in this step
we are not using induction but simply changing notation. Also, recall that
G  N = G∗  N∗.)
Now, we prove that we may assume that χ is faithful. Let K = kerχ. We
know that K = coreGkerγ ⊆ U by [6, Lemma 5.11]. Let G = G/K and
use the “bar” convention. Suppose that K > 1. Since θ is faithful, we have
that N ∩ K = 1. Therefore, G  NK < G  N and thus  G  Op′  G <
G  Op′ G. Now, by induction, we have that
OpCGQ = ZQ	
Write CGQ = E/K. Now, E/K 	 NGQ. Since Q ∈ SylpQK, by the
Frattini argument, we have that NGQ = NGQK/K. Since CGQK/K ⊆
E/K ⊆ NGQK/K and CGQK 	 NGQK, we deduce that CGQK/
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K 	 E/K. Hence, OpCGQK/K ⊆ OpE/K. Since OpCGQK/K ⊆
OpCGQK/K, we conclude that
OpCGQK/K ⊆ OpE/K = ZQ ⊆ Q ⊆ U/K	
In particular, we deduce that OpCGQ ⊆ U , and this proves the theorem.
Now, let ξ ∈ IrrV  be a primitive character inducing α. Since α has
p′-degree, we may assume that Q ∈ SylpV . Also, since ξ is primitive,
it follows that ξ factors as a (linear) p-special character ν ∈ IrrV  times
a p′-special character µ ∈ IrrV . Now, since U  V  is a p′-degree, we
have that βV ∈ IrrV  is p-special. Also, by the deﬁnition of the p-special
characters, we easily have that νβV is p-special. Therefore,
αβ = νµUβ = µνβV U	
Write δ = νβV . So we have that µ is p′-special, δ is p-special, and
δµG = χ.
We claim that if X 	 V is a p-group, then X 	G. Otherwise, we have that
V ⊆ NGX < G. Since Op′ NGX = N , we have that NGX  N <
G  N, and therefore, the theorem is true in NGX with respect to the
irreducible character δµNGX. Hence, we conclude that OpCNGXQ =
ZQ. Since X ⊆ Q, we have that CGQ ⊆ CGX ⊆ NGX, and in this
case, the theorem follows. This proves the claim.
Now, we claim that if X is a normal p-subgroup of G inside V and
τ ∈ IrrX is an irreducible constituent of δX , then τ is G-invariant. Let I
be the inertia group of τ in G, so that V ∩ I is the inertia group of τ in V .
Assume that I < G. Let ρ ∈ IrrI ∩ V  be over τ inducing δ. In particular,
we have that V  V ∩ I is a p-power, and therefore QV ∩ I = V . In
particular, Q ∩ I is a Sylow p-subgroup of V ∩ I. By [1, Theorem 5.10],
there is a sign character 5 of V ∩ I such that 5ρ is p-special. Also, we have
that
δµ = µV ∩IρV = µV ∩I55ρV 
where notice that, of course, µV ∩I5 has p′-degree. Also
µV ∩I55ρG = χ	
Hence, we have that
µV ∩I55ρI
is irreducible. Next we see that Op′ I = N . Since N ⊆ ZG, we easily see
that Op′ I contains N . On the other hand, Op′ I ⊆ CGX ⊆ I. There-
fore, Op′ I ⊆ Op′ CGX ⊆ Op′ G (because CGX 	G, for instance).
Now, since I  Op′ I < G  N, by induction we conclude that
OpCIQ ∩ I = ZQ ∩ I	
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By Lemma 3.3, we conclude that
CIQ ∩ I = ZQ ∩ I ×N	
In particular, we have that CIQ ∩ I ⊆ U . Now, CGQ ⊆ CGX ⊆ I.
Since CGQ ⊆ CGQ ∩ I, we deduce that CGQ ⊆ CIQ ∩ I ⊆ U , and
the theorem is proven in this case. This proves the claim.
Now, let R = OpG ∩ V 	G. Hence R = OpV , by the previous para-
graphs. Furthermore, if Y is characteristic in R, then Y 	G and χY is a mul-
tiple of a single irreducible character of Y by the previous paragraph. Since
χ is faithful, we deduce that every characteristic abelian normal subgroup
of R is central in G. By elementary group theory, this implies that R/ZR
is abelian, with ZR ⊆ ZG. Write χZR = χ1λ, where λ ∈ IrrZR.
Also, write χR = eϕ for some ϕ ∈ IrrR.
Suppose ﬁrst that R = ZR ⊆ ZG, and let O = OpG. Hence V ∩
O = R. Since R ⊆ kerµ because µ is p′-special, we conclude that µ
extends to VO. Therefore, we have that δVO is irreducible. We claim that
COQ ⊆ R. To see that, let x ∈ COQ. Then
δQ = δQx = δxQ	
Since Q ⊆ V ∩ V x, we have that δV ∩V x and δxV ∩V x are two p-special exten-
sions of δQ. Therefore
δV ∩V x = δxV ∩V x
by [1, Proposition (6.1)]. Since δVO is irreducible, we conclude that x ∈ V ,
by Lemma (2.3). Hence x ∈ R, as desired. Now, we claim that U/R acts
on O with COQ/R = R. We have that U acts on O by conjugation. Since
R ⊆ ZG, we have that R is in the kernel of this action. So this is an action
of U/R on U given by
xuR = xu
for x ∈ O and u ∈ U . Now, if x ∈ COQ/R this implies that x ∈ O and
that xqR = x for all x ∈ Q. Hence, x ∈ COQ, which we know is contained
in R. This proves the claim. Now, we have that R = COQ/R ⊆ COM,
where M = Op′ U/R. By Lemma 3.2, we have that M acts trivially on O.
Since N ⊆ ZG, we have that CGO ⊆ O×N by Lemma 1.2.3. Hence we
have that M ⊆ O ×N . In particular, M = R×N , and we deduce that U/R
centralizes M/R. Again by Lemma 1.2.3 applied in U , we conclude that
U = M and therefore R = Q. In this case, OpCGQ = OpCGR ⊆
COR = COQ ⊆ Q, as desired.
So we may assume that R > ZR. Since ϕ is faithful and χR = dϕ,
we deduce that Zϕ = ZR, by [2, Lemma 2.27]. By [2, Theorem 2.31
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and Problem 6.3] we conclude that ϕ12 = R  ZR and that λ is fully
ramiﬁed with respect to R. Let e = ϕ1.
Now, we want to apply Theorem 3.1. This theorem tells us that there is
some character ψ of G which is never zero, with ψ1 = e, of determinantal
order a power of p, and a subgroup G0 complementing R/ZR in G,
consisting of good elements, and such that whenever R ⊆ W ⊆ G and
κ ∈ IrrW  lies over ϕ, then κW ∩G0 = ψW ∩G0κ0 for a unique irreducible
character κ0 of W ∩G0.
We claim that CGR ⊆ G0. Let F = RCGR ∩G0. If f ∈ F , then f ∈
RCGR and therefore
CR/ZRf  = R/ZR	
Since f is good and λ is linear and faithful, it follows that
CR/ZRf  = CRf /ZR	
Therefore CRf  = R and f ∈ CGR. Hence, F ⊆ CGR. On the other
hand, we have that G0 is a complement of R/ZR in G. So we have that
F is a complement of R/ZR in RCGR. Hence, we have that RCGR =
FR and R ∩ F = ZR. We already know that F ⊆ CGR. Now, since
CGR ∩R = ZR = F ∩R, by indices this forces F = CGR, proving the
claim.
By Theorem 3.1, we may write χG0 = ψχ0 for some χ0 ∈ IrrG0. Also,
since δ lies over ϕ (because R ⊆ kerµ, by Theorem 3.1 we may also
write δV0 = δ0ψV0 , where V0 = V ∩ G0. Since R ⊆ kerµ, we have that
µV0 = µ0 is irreducible. Now,
ψG0χ0 = χG0 = δµGG0 = δµV0G0 = δ0µ0ψV0G0 = ψG0δ0µ0G0 	
Since ψ is never zero, we conclude that
δ0µ0G0 = χ0	
We claim that δ0 is p-special. First of all, δ1 = eδ01, and therefore
δ1 is a power of p. To check that δ0 is p-special, by [2], we just need to
check that if ZR ⊆ L0 	 	 V0, then the irreducible constituents of δ0L0
have determinantal order a power of p. Let L = RL0 	 	 V , and write
δL = d1κ1 + · · · + dtκt
where oκi is a power of p (since δ is p-special). Now, all κi’s lie over ϕ,
and by Theorem 3.1, we have that
κiL0 = ψL0κi0	
Since δL = ψV0δ0, by using that ψ is never zero, we conclude that
δ0L0 = d1κ10 + · · · + dtκt0	
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So it sufﬁces to check that if κ is an irreducible constituent of δL and
κL0 = ψL0κ0, then oκ0 is a power of p. Now,
detκL0 = detκ0edetψL0κ01	
Since oψ oκ and e are powers of p, we easily conclude that oκ0 is
also a power of p. This proves the claim.
Finally, let Q0 = Q ∩G0 ∈ SylpV0. Since N ⊆ G0, it follows that G0 
Op′ G0 < G  N. By induction, we have that
OpCG0Q0 = ZQ0	
Now, since Q = RQ0, we have that
CGQ = CGR ∩ CGQ0 	 CGQ0	
Therefore, CG0Q 	 CG0Q0. However, since CGQ ⊆ CGR ⊆ G0, we
have that CGQ = CG0Q 	 CG0Q0. Hence,
OpCGQ ⊆ OpCG0Q0 = ZQ0 ⊆ Q
and the proof of the theorem is complete.
If β = 1 (that is, if γ has p′-degree), Theorem 3.4 is true without assum-
ing any p-solvability conditions. This is a not so well-known consequence
of the deep results in [7]. If we do not assume that γ is p-factorable,
Theorem 3.4 is also false. For instance, it is enough to consider a Frobenius
group with a Frobenius complement, which is an abelian p-group of order
at least p2.
We ﬁnish with the following result (which includes Corollary B).
3.5. Theorem. Let G be p-solvable and suppose that γG = χ ∈ IrrG,
where γ ∈ IrrU can be written as γ = αβ, where α has p′-degree and β is
p-special. Let Q ∈ SylpU and let N = Op′ G. If χN is homogeneous, then
CG/NQ = ZQN/N	
Proof. Arguing as in Theorem 3.4, we may assume that N ⊆ U . Now,
as in Theorem 3.4, choose G∗N∗ θ∗ a character triple isomorphic to
GN θ with N∗ = Op′ G∗ ⊆ ZG∗. Following the same notation, by
Theorem 3.4 and Lemma 3.3, we have that CG∗Q∗ = ZQ∗ ×N∗. Now,
arguing as in Theorem 3.4, we conclude that
CG/NQ = ZQN/N
as desired.
Theorem 3.5 is not true if we drop the hypothesis of χN is homogeneous.
The semidirect product of a cyclic group C4 of order 4 acting nontrivially
on C3 is already an example.
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